We consider a circular string with spin S in AdS 5 wrapped around big circle of S 5 and carrying also momentum J. The corresponding N = 4 SYM operator belongs to the SL(2) sector, i.e. has tr(D S Z J ) + ... structure. The leading large J term in its 1-loop anomalous dimension can be computed using Bethe ansatz for the SL(2) spin chain and was previously found to match the leading term in the classical string energy. The string solution is stable at large J, and the Lagrangian for string fluctuations has constant coefficients, so that the 1-loop string correction E 1 to the energy is given simply by the sum of characteristic frequencies. Curiously, we find that the leading term in the zero-mode part of E 1 is the same as the 1/J correction to the one-loop anomalous dimension on the gauge theory (spin chain) side as found in hep-th/0410105. However, the contribution of non-zero string modes does not vanish, i.e. it appears that for 1/J corrections to spinning string states a disagreement between the string and the SYM results starts already at first order in 't Hooft coupling λ. Like previously observed λ 3 disagreements this should be attributed to order-of-limits problem. We also discuss the "fast string" expansion of the classical string action which coincides with the coherent state action of the SL(2) spin chain at the first order in λ, and extend this expansion to higher orders clarifying the role of the S 5 winding number.
Introduction
Study of semiclassical rotating strings in AdS 5 × S 5 which extended earlier work [1, 2] to cases with several large angular momenta have led to interesting developments in understanding and checking the AdS/CFT duality. The classical energy of such strings has "regular" expansion [3, 4] in the effective couplingλ = λ J 2 , i.e. E = J(1 + c 1 λ J 2 + c 2 λ 2 J 4 + ...), where J is total angular momentum and λ is the square of string tension or the 't Hooft coupling on the SYM side. This prompted a possibility [4] of direct comparison with perturbative anomalous dimensions of the corresponding single-trace operators in N = 4 SYM theory.
Indeed, the precise agreement was established at the first two leading orders in λ [5, 6, 7, 8, 9] (for reviews and further references see [10, 11, 12, 13, 14] ). This agreement was found to break down (as in the near-BMN [3, 15] case [16] ) at the next λ 3 order [8, 9] . A natural explanation is an order-of-limits problem [8, 17, 18, 19] : on the string side one first takes J to be large to suppress quantum (α ′ ) string corrections and then expands E/J inλ = λ J 2 (so that λ is effectively large), while on the SYM side one uses perturbation theory in λ and then expands each loop correction to anomalous dimensions in 1/J. The exact agreement at the first two leading orders appears to be due to a special structure of the one-and two-loop dilatation operator in N = 4 SYM theory [20, 21, 22] and should be essentially a consequence of large supersymmetry of the theory.
To understand how one may still preserve the equality between the exact string energies E(J, λ) and the exact SYM anomalous dimensions ∆(λ, J), i.e. to explain the interpolation between the perturbative string and the perturbative SYM expressions it is important to go beyond the classical string theory and compare the 1-loop corrections to string energies to subleading in 1/J terms in the SYM anomalous dimensions. This is also important in order try to provide more data for checking a non-perturbative Bethe ansatz proposal of [18] .
On the string side, the computation of 1-loop corrections to classical string energies is relatively straightforward for a special class of "homogeneous" circular strings [4, 23] for which the fluctuation Lagrangian has constant coefficients [24, 23] . On the SYM side, finding the corresponding subleading 1/J 2 terms in the one-loop anomalous dimensions amounts to computing corrections to the thermodynamic limit of the Bethe ansatz equations and was previously done in the SU(2) sector [25] only for a special state corresponding to a circular string rotating in S 5 with two equal angular momenta [4] .
The latter solution is, however, unstable [4, 24] , so that the 1-loop correction to its energy contains formally an imaginary part. Then a mismatch between its real part [26] and a real SYM expression of [25] may be viewed as an inconclusive evidence of disagreement.
Here we shall perform a 1-loop string computation very similar to the one carried out in [24, 26] but for a stable circular 2-spin string solution found in [23] . In conformal gauge, it is represented by a string of fixed radius (wound k times) lying on a plane in AdS 5 and rotating along itself so that it carries one component S of spin in AdS 5 .
The string is also wound (m times) around a big circle of S 5 and is rotating along itself with momentum J (the "level matching" constraint implies that kS + mJ = 0). The fast enough rotation stabilizes this solution. This configuration may be visualized as a circular spiral. 1 It is an AdS 5 × S 5 analog of a closed string in flat R t × R 2 × S 1 space-time which is wrapped k times on a constant-radius circle in R 2 and also m times on S 1 and rotating along itself in each circle (alternatively, the flat-space solution may be viewed as a left-moving wave along a circular string wrapped on S 1 and it thus represents a BPS state; the AdS 5 × S 5 solution is no longer BPS).
The classical energy of this (S, J) string solution has the following expansion at large J with fixed S J [23]:
(D = D 1 + iD 2 is a covariant derivative in R 4 and Z = φ 1 + iφ 2 is a chiral combination of SYM scalars). The analysis of the thermodynamic limit of the 1-loop SL(2) spin chain Bethe ansatz equations showed [28] that there is indeed a SYM state whose 1loop anomalous dimension ∆(S, J; λ) precisely matches the order λ term in (1.1). The subleading 1/J 2 term in the 1-loop part of ∆ can be found [28] as in the SU(2) sector [25] from the correction to the thermodinamic limit of the Bethe ansatz equations. It turns out to be given simply by the leading-order term multiplied by −1/J, i.e. [28] 
Our aim below will be to compute the 1-loop string correction E 1 to the energy (1.1) of the circular (S, J) string solution. We shall find that, as expected, [24] , the 1-loop correction is suppressed compared to the classical expression (1.1) by an extra power of J (as in (1.2)), and will compare the coefficient of the order λ J 2 term in E 1 to the coefficient of the λ J 2 term on the SYM side (1.2). As in the SU(2) case considered in [26] , we shall find (in sect.4 below) a disagreement between these subleading in 1/J string and SYM results. As in [8, 17, 26] this disagreement should be attributed to the different order of limits taken on the gauge theory and the string theory sides of the AdS/CFT duality. A curious observation is that the agreement would hold if we were to keep only the contributions of the zero modes of the string fluctuations, i.e. to consider a "homogeneous" approximation in which the string fluctuations depend only on τ but not on σ.
There is, of course, no a priori reason to expect the exact agreement. 2 In particular, the spin chain Bethe ansatz and the string theory computations of the subleading 1/J corrections are not directly related: while the Bethe ansatz approach does reproduce part of the spectrum of the bosonic string fluctuations near a given semiclassical so- 2 One could still hope, by analogy with what was found about the large J correspondence, that disagreements should start only at order λ 3 (due to specific structure of the 3-loop SYM dilatation operator). However, there are potential subtleties related to how one takes limits in the (λ, J) parameter space [17] . Indeed, [26, 19] , in the cases of subleading 1/J 2 corrections to the BMN point-like state and the 1/J corrections to the spinning strings the disagreements may, in principle, start already at order λ. lution [5, 28] , 3 the string 1-loop computation involves summing over all bosonic and fermionic modes. 4 Before turning to the computation of the one-loop correction to the energy of the circular solution we shall start (in sect. 2) with a discussion of the "fast string" limit of the classical string action in the SL(2) or (S, J) sector. The comparison of the reduced sigma model appearing in the "fast string" limit of the string action to the coherentstate ("Landau-Lifshitz") action on the ferromagnetic spin chain side provided a simple and universal way of matching the string and gauge theory semiclassical states as well as near-by fluctuations [30, 31, 32, 33, 34, 35, 36, 37, 38] . 5 In the SL(2) sector that was done in [33] and also in [36] . Below we will extend the derivation of the string action limit in [33] to the next order of expansion in λ J 2 and will also include the general case of string configurations with non-zero winding number m in the S 1 ⊂ S 5 direction. The spin-chain coherent state action cannot depend on m, and, indeed, m does not appear also in a relevant limit of the string sigma model action; instead, it classifies particular solutions of the resulting "Landau-Lifshitz" equations. In particular, we shall explain (in sect. 3) how the circular (S, J) solution of [23] which has m = 0 can be obtained from the SL(2) "Landau-Lifshitz" equations (order by order in √ λ J ). Closely related aspects of the general m = 0 sigma model solutions in the SL(2) sector and their 3 There are two type of string fluctuations near circular spinning strings (see [4, 24] and below): whose frequencies scale at large J = J √ λ as (i) ω (1) ∼ J + a J and as (ii) ω (2) ∼ b J (the corresponding energies are δE ∼ ω J ). Fermionic frequencies belong to the first type. The first ("BMN") type fluctuations correspond to deformations away from a particular (SU (2) or SL(2)) sector, and are not "seen" directly in the Bethe ansatz equations for the corresponding spin chain. The second type of fluctuations correspond to deformations within a given sector and are captured by the spin chain [5, 29, 9] and the corresponding coherent state ("Landau-Lifshitz") action [30, 31, 32] . 4 In the Bethe ansatz approach fluctuations near a given semiclassical state described by a smooth Bethe root distribution are obtained by pulling one Bethe root out of a continuous distribution [5] .
Summing over fluctuations would look like averaging over a set of Bethe states, which is not what was done in [25] to compute the 1/J correction. We are grateful to K. Zarembo for this remark. 5 A complementary approach demonstrating general agreement between the string and gauge theory semiclassical states at the two leading orders in λ is based on directly relating the thermodynamic limit of the Bethe ansatz equations to the integral equation representing the general integrability based solution of the corresponding sector of the classical AdS 5 × S 5 sigma model [13, 28, 39, 40, 41, 42] .
relation to the Bethe root distributions on the spin chain side were discussed in [28] .
The circular string state of SL(2) sector discussed in this paper may be of interest also in a more general context of gauge-string duality. Similar solution exists in any space with AdS 3 × S 1 part, e.g., in AdS 5 × S 1 which is relevant for description of less supersymmetric 4-d conformal theories [43] . Also, the corresponding operators in the SL(2) sector of N = 4 SYM have direct connection to operators appearing in pure YM or N = 1 SYM theory [44] .
We shall start in section 2 with a discussion of large J expansion of the classical string action in the SL(2) sector, then in section 3 review the (S, J) circular string solution, and, finally, in section 4 present the computation of the 1-loop string correction to its energy. In Appendix A, which is a generalization of section 2, we shall discuss the "fast string" limit of the AdS 5 × S 5 sigma model in a more general case of five nonvanishing spins. In Appendix B we shall give some details of computation of fermionic characteristic frequencies used in section 4.
2 "Fast-string" limit of string action in SL(2) sector
The SYM operators from the SL(2) sector form a closed set under renormalization to all orders in perturbation theory in λ [45, 27, 44] . As in the SU(2) sector [30, 31] , here it makes sense to compare the string theory and a coherent-state spin chain Lagrangians at large spins to all orders in the couplingλ = λ J 2 . This comparison was initiated at the leading order in [33] . Here using a non-conformal "homogeneous" gauge similar to the one used in the SU(2) case [31, 35] we will show how to compute subleading terms in the expansion of the string action for a general (S, J) closed string configuration with a non-zero winding m along a big circle in S 5 (ref. [33] considered the m = 0 case). The two-loop dilatation operator in the SL(2) sector is not yet known explicitly (see, however, [19] for a recent progress on the corresponding Bethe equations and the corresponding 1-d S-matrix), so a direct comparison of the λ 2 subleading term in the string action found below to the 2-loop term in the coherent state "Landau-Lifshitz" action on the spin chain side (along the same lines as in the SU(2) case [31] ) is not possible at present.
Let us first set up our notation by recalling the bosonic part of the AdS 5 × S 5 string action (see [4, 10, 23, 33] )
where X M (M = 1, . . . , 6) and Y P (P = 0, . . . , 5) are the embedding coordinates of R 6
and of R 2,4 (the latter with the metric η P Q = (−1, +1, +1, +1, +1, −1)). Let us define 3+3 complex coordinates:
Then the AdS 5 × S 5 metric is ds 2 = dY * r dY r + dX * i dX i where r, s = 0, 1, 2 and i, j, k = 1, 2, 3 (Y r = η rs Y s , with η rs = (−1, 1, 1)). In terms of the usual global time, radial and angular coordinates one has
Separating the common phases of Y r and X i
the AdS 5 × S 5 metric becomes:
where
10)
In what follows we shall consider the string configurations in the (S, J) sector where the strings may wound around and move along a big circle in S 5 and may also move in (1, 2) plane in AdS 5 , i.e.
We may fix the obvious U(1) symmetry of Y r : y → y − χ, V r → e iχ V r (from now on we will assume that r, s = 0, 1) by the following choice of y
. Then the Lagrangian in (2.1) reduces to
As in [31] the idea is to assume that the string is moving fast and gauge fix t and the momentum conjugate to the "fast" coordinate α, getting an effective action for the "slow" transverse coordinates V r only.
The conserved charges corresponding to the translations in t, rotations in AdS 5 or
are given by
Following [35] , we may replace α by the dual coordinateα
Solving for the 2-d metric g ab in (2.15) we get the Nambu-type Lagrangian
To fix the world-sheet reparametrization freedom we choose, as in [31, 35] , the following two gauge conditions
The first ensures that the space-time and the world-sheet energies are the same; the second implies that J is distributed homogeneously along the string coordinate σ (which is the case on the spin chain side). Then the string action becomes
The next step [30, 33, 31] is to expand in large J assuming that higher powers of time derivatives of V r are suppressed. To define an expansion in 1 J 2 = λ J 2 ≡λ it is useful to rescale τ so that the leading order term does not containλ:
Finally, we may eliminate the time derivative terms by field redefinitions [31] or, to leading order, simply using the "Landau-Lifshitz" equation [33] following from (2.26) 6
We get
As was shown in [33] , the first non-trivial (order J 0 ) term here matches the coherentstate effective action following from the 1-loop dilatation operator in the SL(2) sector [27, 44] (the Hamiltonian of the SL(2) Heisenberg ferromagnetic).
Rescaling back τ → 1 J 2 τ , we find that the corresponding 2d energy or Hamiltonian is (in view of our gauge choice t = τ , is the same as the E − S in (2.19))
The expression for the spin S in (2.18) expanded in large is J
where the time derivatives should be again eliminated using (2.27).
In the above discussion α was assumed to be a general function of τ and σ, which, due to the periodicity condition, should be subject to
where m is an integer winding number along the 
This is an additional constraint which should be imposed on any particular solution of equations following from (2.28) . Expanding this condition for large J and eliminating time derivatives using (2.27) we get
We conclude that while the S 5 winding number m does not enter the effective Lagrangian, it appears in the constraint on its solutions. This is in agreement with the spin-chain side considerations where m enters a constraint on Bethe roots but not the algebraic Bethe equations [28] or the coherent-state effective action [33] .
A similar procedure of taking a "fast-string" limit of the string action can be applied in a more general case of 5 non-vanishing spins (S 1 , S 2 , J 1 , J 2 , J 3 ); we shall discuss it in Appendix A. 7 3 Circular string solution in
In this section we shall review a remarkably simple circular string solution of (2.1)
found in [23] representing a particular semiclassical (S, J) state in the SL(2) sector.
The string is positioned in a plane in AdS 3 and is also wrapped on S 1 in AdS 5 . As we shall explain below, this configuration (its expansion in large J ) can be obtained also as a solution of the "Landau-Lifshitz" equations (2.27).
It is useful first to discuss its flat-space analog by considering a closed string moving
radius of S 1 ). 8 Let us use conformal gauge and consider a rigid circular string lying in R 2 (with coordinates Y 1 , Y 2 ) and rotating along itself while being also wound along S 1 7 Even though the corresponding set of SYM operators is, in general, not closed under renormalisation beyond one loop, it was argued in [9] that non-closed sectors (like SU (3) and SO (6)) may be viewed as closed in the thermodynamic limit even at higher loops. It then makes sense to compare the corresponding anomalous dimensions or semiclassical effective actions they are described by to a limit of string theory action even beyond leading order in the effective couplingλ. 8 Similar solution exists also in the twisted product ("Melvin") case of ds 2 = −dt 2 + dρ 2 + ρ 2 (dφ + qdα) 2 + R 2 dα 2 .
and having non-zero S 1 momentum:
The free string equations are solved if the string radius is constant, ρ =const, and w = −k > 0 (another solution has w = k). The polar angle in R 2 is thus φ = |k|(τ −σ),
i.e. |k| may be interpreted as an integer "winding" in R 2 (we shall assume that κ, m and w are positive and k is negative). m is an integer winding number in S 1 and the linear momentum along S 1 is also quantized. This configuration is thus a closed string wound along S 1 and having a left (or right) moving fluctuation along it (at fixed time the profile of the string is a spiral drawn on the (φ, α) torus). The corresponding string state should thus be 1/2 BPS in the superstring theory. Indeed, the conformal gauge constraints imply
and the string energy E, the spin S in R 2 and the S 1 momentum J are given by
where 1 2πα ′ is the string tension. The constraints (3.2) expressed in terms of E,S,J,k are
If we now replace R 1,2 with the AdS 3 subspace of AdS 5 and consider a similar string configuration in AdS 3 × S 1 we obtain the circular solution [23] in AdS 5 × S 5 . It, however, will no longer be a BPS state, and will not reduce to the above flat-space solution in the limit of large radius of AdS 5 × S 5 . Indeed, here the radii of AdS 5 and S 5 are the same (with R 2 α ′ = √ λ), so that taking R large to approximate AdS 3 by R 1,2
would also make the radius of S 1 large, which would correspond to sending the energy of the flat-space solution (3.4) to infinity.
Let us now review this circular solution of the AdS 5 × S 5 equations following from (2.1) by using the conformal gauge. It is characterised by having constant Lagrange multiplies Λ,Λ and constant induced metric. Setting Y 2 = 0, X 2 , X 3 = 0 (i.e. specialising to the SL(2) sector (2.12), (2.13) or to the motion in AdS 3 × S 1 ⊂AdS 5 × S 5 ) one finds: 9 
In terms of the non-zero charges
the conformal gauge constraints are (we assume that S, J , m > 0 and k < 0)
9)
kS + mJ = 0 , (3.10) 9 The AdS 5 part of this solution can also be expressed in the Poincare coordinates (ds 2 = cosh ρ0 cos κτ . 10 Note that this solution cannot be analytically continued to a physical solution in the SU (2) sector as was done for a folded string solution in [6] since that would introduce windings in the transformed time (α → t).
and (3.6) gives also
As implied by these relations, there are only three independent parameters, e.g., S, J , k (which are useful for comparison with gauge theory), or κ, r 1 , k (which are useful for finding fluctuation frequencies discussed below in sect.4). Eqs. (3.9),(3.10), (3.11) imply that in terms of κ, k, r 1
In terms of J , S and k we find that for large J and S with fixed u ≡ S J and k 11 ν = √ J 2 − k 2 u 2 = J − k 2 2J u 2 + ..., and 
Given that the string energy looks like a regular expansion in λ, it was suggested in [23] (by analogy with previous results for string solutions in SU(2) and SU(3) sectors [4, 46, 5, 7, 47] ) and later verified in [28] that the leading order λ term in (3.15) can be reproduced as a one-loop anomalous dimension of a SYM operator from the SL (2) sector.
Finally, let us discuss how the above winding circular string appears (at leading order in J ) as a solution of the "Landau-Lifshitz" equation (2.27). 12 Concentrating first on 11 In this case the string motion is "fast" [34] meaning that each point of the string moves at almost the speed of light and thus the induced metric degenerates. 12 Circular and folded string solutions of the Landau-Lifshitz equations in the (S, J) sector were also discussed in [48] . In the case of the circular solution, it is important not to do field redefinitions that may contradict the required single-valuedness condition t(σ + 2π, τ ) = t(σ, τ ).
the S 5 part of the configuration we note that the world-sheet metric h ab has, to leading order, the following components h 00 = −1, h 01 = −B 1 , h 11 = J 2 , h = J 2 + B 2 1 . Then (2.20) and (2.23) imply (after the rescaling of τ so that t = J τ ) that α = J τ +mσ, which is the same as the phase of X 1 in (3.5). Turning to the AdS 5 part, the Lagrangian corresponding to the leading-order term in (2.28) is
where we used (2.13) and introduced η = φ 1 − t (dot and prime are ∂ τ and ∂ σ ). The corresponding equations of motion have solution with ρ = ρ 0 =const provided η ′′ = 0.
The solution for η is then found to be η = qτ + kσ , q = 1 2J 2 (1 + 2 sinh 2 ρ 0 ), implying that φ 1 = J τ + kσ, which indeed is the leading order form of φ 1 in (3.5). Using (2.29) one can compute the space-time energy which reproduces the order λ term in (3.15) . Also, the "winding" constraint (2.33) leads, to the leading order, to the same condition that follows in general from the conformal gauge constraint mJ + kS = 0.
One-loop correction to energy of circular solution
As was already mentioned, for all "homogeneous" circular solutions [23] like the one of the previous section (3.5) the fluctuation Lagrangian has constant coefficients (to all orders in fluctuation fields) [23, 10] , a property shared with the BMN case where one expands near a point-like geodesic [3, 15, 16] . That means, in particular, that the spectrum of quadratic fluctuations can be found explicitly (and one can, in principle, also compute subleading corrections to their energies as in the BMN case in [16] ). The general procedure of how to do that for a generic quadratic 2-d Lagrangian of the type (p = 1, ..., N, and K, W, M are constant matrices)
was discussed in [49, 4, 24] . 13 Assuming that the fields are periodic in σ, one sets
A p I,n e iω I,n τ , (4.2)
where I labels 2N "phase-space" directions. Then the field equations lead to a system of linear homogeneous equations for A p I,n , i.e. F pq A q I,n = 0, where F pq depends on n, ω I,n and the coefficients in the Lagrangian (4.1). It has solutions provided detF pq = 0, which gives an order 2N polynomial equation for the characteristic frequencies. As follows from the reality conditions, the zero-mode (n = 0) frequencies come in pairs, i.e. ω I,0 = {±ω p,0 }, (p = 1, ..., N). The non-zero frequencies satisfy ω I,n = −ω I,−n , i.e. can also be paired (and associated to creation and annihilation operators upon quantization). Then the one-loop correction to the 2d ground state energy is given by the sum of the moduli of the non-trivial half of the characteristic frequencies [49] ,
For example, for a single real (N = 1) 2d field with mass µ the characteristic equation
is
√ n 2 + µ 2 which is the same as (4.3) since here |ω 1,n | = |ω 2,n | = √ n 2 + µ 2 .
In the case of the circular string solution the number of transverse fluctuations is N = 8 and since we are to start with the superstring action [50] we also have the fermionic modes (see [3, 4, 24] for details). 14 Since in (3.5) one has t = κτ , the spacetime energy, E 1 , is then given by
Finally, one would like to expand the parameters in E 1 at large J and compare the leading asymptotics of E 1 with the subleading term in the SYM anomalous dimension (1.2). 13 Such Lagrangian is readily obtained for the bosonic fluctuations; similar first order or second order one is found for the fermionic fields. 14 As we shall see below, here (in contrast to the case considered in [24, 26] ) both the bosonic and the fermionic 2d fields are periodic in σ so the sum over n is over the integers.
The first step is thus to find, as in [24] , the bosonic and fermionic Lagrangians for small fluctuations near the circular solution (3.5) and then to compute the corresponding characteristic frequencies. This will be done in the next two subsections 4.1 and 4.2,
where we shall also verify the stability of the solution, i.e. the reality of the characteristic frequencies and thus of E 1 for large enough angular momenta. In sect. 4.3 we shall check the UV finiteness of (4.4) which is a consequence of the conformal invariance of the AdS 5 × S 5 superstring theory [50, 4, 24] . We shall also comment on a possibility of evaluating the asymptotics of E 1 by interchanging summation over modes with large spin expansion. Since the analytic evaluation of the sums involved does not appear to be possible we shall then follow ref. [26] and evaluate the leading asymptotics of E 1 at large J and fixed S/J using numerical method.
Bosonic frequencies
Below we shall review the derivation of the bosonic characteristic frequencies for the solution (3.5) in the conformal gauge following [23] . Let us consider the S 5 -directions first. In general, starting with (2.2)-(2.5) and expanding X i → X i +X i one finds the quadratic fluctuation Lagrangian in terms of the 3 complex fields
For the solution (3.5)X 2 ,X 3 are decoupled and represented by 4 real massive (with mass ν, see (3.7)) 2d fields, i.e. they contribute to the energy (4.4) the term
The Lagrangian for the fluctuations in the AdS 5 directions is
For the solution (3.5) the modeỸ 2 is a decoupled massive complex field or two real fields, i.e. it contributes to (4.4) as
Setting for the remaining fluctuation fields
we can solve the conditions in (4.5) and (4.7) as
so that the Lagrangian for the 4 real fields (f 1 , F 0 , F 1 , G 1 ) becomes
Note that f 1 couples to (F 0 , F 1 , G 1 ) through the conformal gauge conditions. 15 After an appropriate linear field redefinitions two of these four modes become massless and decouple, and their contribution to the 1-loop effective action (which does not depend on the parameters of the background) gets cancelled by the two conformal ghost contributions. The upshot, as in [24] , is that one can simply ignore the constraints on fluctuations implied by the conformal gauge conditions and omit two massless longitudinal modes. 16 The 4 characteristic frequencies corresponding to the two remaining real 2d fields can be found from the following quartic equation which follows from (4.11) (we use κ, r 1 , k as independent parameters) [23] (ω 2 − n 2 ) 2 + 4r 2 1 κ 2 ω 2 − 4(1 + r 2 1 )( √ κ 2 + k 2 ω − kn) 2 = 0 .
(4.12)
The 4 roots ω = {ω I,n } (I = 1, 2, 3, 4) are the characteristic frequencies in the discussion at the beginning of this section (here 4 I=1 ω I,n = 0 since there is no ω 3 term in (4.12)). Note that since (4.12) is invariant under ω → −ω, n → −n, we have, as required, the pairing of n = 0 frequencies: ω I,n = −ω I,−n . The zero modes are given by (using (3.7) ) ω I,0 = {0, 0, ω 0 , −ω 0 } , ω 0 = 2 κ 2 + (1 + r 2 1 )k 2 , (4.13) 15 The conformal gauge constraints have the form 2r 1 k 2 G 1 − r 0 κḞ 0 + r 1 (wḞ 1 + kF ′ 1 )+ wḟ 1 + mf ′ 1 = 0, −r 0 κF ′ 0 + 2r 1 wkG 1 + r 1 (wF ′ 1 + kḞ 1 ) + wf ′ 1 + mḟ 1 = 0. 16 The same conclusion is found by starting with the Nambu action and using static gauge condition on the fluctuation fields.
so that the contribution of these "mixed" modes to the bosonic part of (4.4) is thus
While the 4 roots ω I,n of the quartic equation (4.12) can be written down explicitly, the resulting sum in (4.22) cannot be done in an analytic way. Below we shall discuss approximate ways to evaluate the sum in the large spin limit we are interested in.
In order for the circular string configuration to be stable all bosonic frequencies must be real, and this is not a priori obvious for the solutions of (4.12). If one expands ω I,n at large κ or large J (with n and r 2 1 ≈ u, k being fixed, cf. (3.13)), one finds that the frequencies are real [23] 17
As a result, the expression for E 1 is real and its comparison to gauge-theory anomalous dimension is unambiguous (in contrast to the case of the circular solution from SU (2) sector discussed in [24, 26] which is unstable for any J 1 = J 2 ).
Let us mention that out of all the fluctuation frequencies only the two in (4.15) scale as a J at large J , while all other (including the fermionic frequencies discussed below) scale as J + b J . The two bosonic frequencies of the former type can be reproduced from the Landau-Lifshitz action in the SL(2) sector (2.26) or by expanding (2.27) near the classical solution (3.5): they correspond to deformations along the "intrinsic" SL (2) sector directions ρ and φ 1 in (2.13). These two are then the ones that should be "seen" also on the SL(2) spin chain side [33, 28] (while to reproduce others one is to embed the solution into a bigger sigma model or spin chain sector). 17 They are also always real for large n. Numerical analysis shows that for any given n there always exists a large enough J for which all 4 frequencies are real. For small values of J ∼ 1 and some small n the solutions of (4.12) become complex. The stability of the circular (S, J) solution (3.5) at large spin J is similar to the stability of the 3-spin S 5 solution (J 1 = J 2 , J 3 ) which is also stable for large enough J 3 [24] . Note also that |ω 1,n | + |ω 3,n | = |ω 2,n | + |ω 4.n | + O( 1 J 3 ) for n > n 0 , where n 0 is the integer part of 2k 1 + r 2 1 .
Fermionic frequencies
The quadratic part of the AdS 5 × S 5 superstring Lagrangian evaluated on a bosonic solution has a simple form (see [50, 3, 4, 24] for details)
where I, J = 1, 2, s IJ = diag(1, −1), ρ a are projections of the ten-dimensional Dirac matrices and X µ are the coordinates of the AdS 5 space for µ = 0, 1, 2, 3, 4 and the coordinates of S 5 for µ = 5, 6, 7, 8, 9. The covariant derivative is given by
Fixing the κ-symmetry by the same condition as in [24] 
Labelling the coordinates as follows (cf. (2.6),(2.7)):
µ : 0 1 2 3 4 5 6 7 8 9
one finds (using (3.5), (3.6) ) that the non-trivial components of the Lorentz connection ω AB a are ω 10 τ = −κr 1 , ω 13 τ = −wr 0 , ω 13 σ = −kr 0 , and then
We observe that in contrast to the case of the S 5 circular string solution considered in [24, 26] here D F does not depend on σ, and thus one does not need to apply a local rotation to eliminate this σ dependence (which in [24, 26] was making the rotated fermions antiperiodic in σ). To simplify D F it is useful to do constant rotations in (36)-plane and (06)-plane (see Appendix B) which do not affect the periodicity of the fermions, so the sum over the fermionic characteristic frequencies will go over integer n as was indeed assumed in (4.4) .
Since θ is a Majorana-Weyl 10d spinor, we end up with the total of 16 characteristic frequencies (i.e. I = 1, ..., 16) corresponding to 8 physical 2d fermionic modes. Their contribution to (4.4) expressed in terms of the three independent parameters κ, r 2 1 , k is found to be (see Appendix B for details)
whereω 0 = √ c 2 + a 2 , (4.23)
Evaluation of E 1
The final expression for E 1 in (4.4) is thus given by the sum of (4.6),(4.8),(4.14) and (4.22) . Let us split E 1 into the contribution of zero (n = 0) and non-zero (n > 1)
modes It is easy to check that the sum over n is convergent. Using the large n asymptotics of
and of the 4 solutions of (4.12) Thus the divergent terms in the sum over n indeed cancel between the bosonic and fermionic contributions (according to (4.24) a 2 = 1 2 (κ 2 + ν 2 )).
We are interested in the large J expansion of E 1 (J , S, k) at fixed winding number k (or m) and fixed S/J . Let us look first at the zero-mode part E (0) 1 (4.26) which is known explicitly. Expanding it at large J we find
Surprisingly, this already coincides with the result of [28] for the subleading 1/J correction in the 1-loop anomalous dimension (1.2) of the corresponding SYM operator. 18 In general, one expects thatĒ 1 in (4.27) has the following expansion
so the agreement or disagreement with gauge theory then depends on whether the coefficient f 2 inĒ 1 is zero or not.
To find f 2 we are supposed to first do the sum in (4.27) and then expand the result at large J . However, given that computing the sum directly for any J does not seem possible, one may attempt to first expand the frequencies at large J and then do the sum over n separately for each 1/J k coefficient. This may not be consistent in general:
the procedures of doing the expansion in 1/J and doing the sum may not commute. 19 18 Similar observation applies to the SU (2) case with J 1 = J 2 considered in [26] : there the coefficient of the 1/J 2 term in the zero-mode part of the sum for the 1-loop energy also has the same form as the 1-loop gauge theory expression found in [25] (there is, however, a subtlety in how one defines the zero-mode part since there the "rotated" fermions there are antiperiodic). 19 Indeed, in taking J large in the frequencies one assumes that n is fixed, but n can take arbitrarily large values in the sum. Its consistency depends on how rapidly the expansion and the sum are converging: it may happen that the sums over n in the coefficients of higher 1/J k terms become divergent at large n, despite the fact that, as we have seen above, the sum inĒ 1 is finite at fixed J . In this case one cannot trust the coefficient of the 1/J 2 term obtained by "first expanding, then doing the sum" procedure: one will need to resum the (divergent) expansion in 1/J .
Applying this naive procedure one finds the expected 1/J 2 asymptotics, and that the coefficient of the 1/J 2 term is given by a convergent sum over n. Explicitly, expanding the combinations of the bosonic and fermionic frequencies in (4.27) at large J we get (here n 0 is the integer part of 2k 1 + r 2 1 , see (4.15)) The coefficients of higher O(1/J 2k ) terms in the "naive" expansion (4.34) are found to be divergent, so the 1/J expansion needs to be resummed and the correct value of f 2 need not a priori coincide withf 2 . Surprisingly, the results of the direct numerical evaluation of f 2 discussed below turn out to be essentially the same as the above results forf 2 . That means that resummation of the higher 1/J 4 , ... terms does not change the coefficient of the 1/J 2 term.
To compute the sum over n in (4.27) numerically at fixed k, u = S J and large J we have first simplified the parameters in the frequencies (but not expanding full ω I,n at fixed n) in (4.6),(4.8),(4.12) and (4.22) using that m = −ku, ν 2 = J 2 − k 2 u 2 and that κ has expansion given in (3.13) . We then estimated the coefficient f 2 in (4. 33) for various values of u (for simplicity we set k = 1 and considered u of order 1) by computing the sum over n with the upper limit N = 5000 and varying J in the interval 50 ≤ J ≤ 1000. 20 We confirmed the form of the expansion (4.33) with f 2 being in general non-zero, implying disagreement between the string and 1-loop gauge theory result. Its numerical values turned out to be the same as given in the table above forf 2 .
They can be fitted by a quadratic polynomial f 2 = au + bu 2 , with a ≈ 3.05, b ≈ −4.91
(so that f 2 vanishes at some point u ≈ 0.62, cf. [9, 26] ). The corresponding plot of f 2 (u, 1) is given in Fig.1 . Then rotated D F becomes (we rescale it by an overall factor 1 2 (κ 2 − ν 2 )) 21
To find 16 characteristic frequencies we replace ∂ τ by iω and ∂ σ by in and solve the equation detD ′ F =0 for ω. To simplify the problem may first restrict to the subspaces Γ 24 θ = ±iθ (Γ 24 commutes with other matrices in D ′ F ). Theñ There is also an extra factor of 2 degeneracy making up the total 16 of fermionic frequencies in (4.4). One can show that a 2 + c 2 is always bigger than d 2 and that a 2 > d 2 for J > k (which is the large J region we are interested in). Thus the square root term in the absolute value of ω in (B.6) is bigger than d, 22 and this leads us to (4.22) after summing the moduli of the n = 0 frequencies.
21 Some useful relations are w cos p − wr 1 sin p = w kr1 m 2 + k 2 r 2 1 , m 2 + k 2 r 2 1 = 1 2 (κ 2 − ν 2 ), κr 0 sinh q + (w cos p − ωr 1 sin p) cosh q = 0. 22 Note that this is true for any J in the large n region, which is relevant for checking the finiteness of the sum in (4.31) which should hold for any value of J .
